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Abstract— Ionic polymer-metal composites (IPMCs) form an
important category of electroactive polymers (also known as
artificial muscles) and have built-in actuation and sensing
capabilities. A dynamic, physics-based model is presented
for IPMC actuators, which is amenable to model reduction
and control design. This model is represented as an infinite-
dimensional transfer function relating the bending displacement
to the applied voltage. It is obtained by deriving the exact
solution to the governing partial differential equation (PDE)
in the Laplace domain for the actuation dynamics, where the
effects of the distributed surface resistance and the dynamics
of the cantilever beam are incorporated. The physical model
is expressed in terms of fundamental material parameters and
actuator dimensions, and is thus geometrically scalable. It can
be easily reduced to low-order models for real-time control
design. As an example, an H∞ controller is designed based on the
reduced model and applied to tracking control. Experimental
results are provided to validate the proposed model.

I. INTRODUCTION

Ionic polymer-metal composites (IPMCs) form an im-
portant category of electroactive polymers (also known as
artificial muscles) and have built-in actuation and sensing
capabilities [1]. An IPMC sample typically consists of a thin
ion-exchange membrane (e.g., Nafion), chemically plated on
both surfaces with a noble metal as electrode [2]. When a
voltage is applied across an IPMC, transport of hydrated
cations and water molecules within the membrane and the
associated electrostatic interactions lead to bending motions,
and hence the actuation effect. Fig. 1 illustrates the mech-
anism of the IPMC actuation. Because of their softness,
resilience, biocompatibility and the capability of producing
large deformation under a low action voltage, IPMCs are
very attractive materials for many applications in the fields
of biomedical devices and biomimetic robots [3], [4].
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Fig. 1. Mechanism of the IPMC actuation [1].
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A faithful and practical model is desirable in real-time
control of these novel materials in various potential appli-
cations. Current modeling work can be classified into three
categories based on their complexity levels. Based purely on
the empirical responses, black-box models, e.g., [5], offer
minimal insight into the governing mechanisms within the
IPMC. While these models are simple in nature, they are
often sample-dependent and not scalable in dimensions. As
a more detailed approach, the gray-box models, e.g., [6],
are partly based on physical principles while also relying
on empirical results to define some of the more complex
physical processes. In the most complex form, white-box
models with partial differential equations (PDEs), e.g., [7],
attempt to explain the underlying physics for the sensing and
actuation responses of IPMCs, but they are not practical for
real-time control purposes. Farinholt derived the impedance
response for a cantilevered IPMC beam under step and
harmonic voltage excitations [8]. The derivation was based
on a linear, one-dimensional PDE governing the internal
charge dynamics, which was first developed by Nemat-
Nasser and Li for studying the actuation response of IPMCs
[7]. While the work of Farinholt [8] is an important progress,
it can not be used for model-based controller design.

In this paper, an explicit control-oriented yet physics-
based actuation model for IPMC actuators is presented.
The model combines the seemingly incompatible advantages
of both the white-box models (capturing key physics) and
the black-box models (amenable to control design). The
proposed modeling approach provides an interpretation of the
sophisticated physical processes involved in IPMC actuation
from a systems perspective. The starting point of the model
development is the same governing PDE as in [7], [8] that
describes the charge redistribution dynamics under external
electrical field, electrostatic interactions, ionic diffusion, and
ionic migration along the thickness direction. As the first
step, the impedance model is also derived in order to better
understand the ion movement in the IPMC. But this work
extends previous studies significantly in three aspects.

First, it incorporates the effect of the distributed surface
resistance, which is known to influence the actuation and
sensing dynamics [9]. The consideration leads to additional
dynamics on IPMC surfaces along the length direction.
Second, an exact, analytical solution to the PDE is obtained
by converting the original time-domain equation to the
Laplace-domain version. Third, instead of limiting to step
and harmonic responses only, an arbitrary voltage stimulus
is allowed, which is of interest for real applications.

The derived model is in the form of an infinite-dimensional



transfer function involving hyperbolic and square-root terms.
It is expressed in terms of fundamental physical parameters
and actuator dimensions, and is thus geometrically scalable.
It can be further reduced to low-order models in the form of
rational transfer functions, which are again scalable.

Experiments have been conducted to validate the proposed
dynamic model for an IPMC actuator in a cantilever config-
uration. Good agreement, both in magnitude and in phase,
has been achieved between the experimental measurement
and the model prediction for periodic voltage inputs from
0.02 Hz to 20 Hz. The results show that considering the
surface resistance and the dynamics of cantilever beam leads
to more accurate predictions. The geometric scalability of the
actuator model has also been confirmed without re-tuning
of the identified physical parameters. An example is further
provided to illustrate the use of the proposed model for
controller development, where an H∞ controller is designed
based upon a reduced model and applied to tracking control.

The remainder of the paper is organized as follows. The
governing PDE is reviewed in Section II. In Section III,
the impedance model is derived by exactly solving the
PDE, considering the effect of surface resistance. In Sec-
tion IV, the actuation model is further derived from the
impedance model. Model reduction is discussed in Section V.
Experimental results on model validation are presented in
Section VI. Model-based H∞ controller design and its real-
time implementation are reported in Section VII. Finally,
concluding remarks are provided in Section VIII.

II. THE GOVERNING PDE

The governing PDE for charge distribution in an IPMC
was first presented in [7] and then used by Farinholt and
Leo [8] for investigating the actuation and sensing response.
Let D, E, φ , and ρ denote the electric displacement, the
electric field, the electric potential, and the charge density,
respectively. The following equations hold:

E =
D
κe

= −∇φ , (1)

∇ ·D = ρ = F(C+ −C−) , (2)

where κe is the effective dielectric constant of the polymer,
F is Faraday’s constant, and C+ and C− are the cation
and anion concentrations, respectively. Since the thickness
of an IPMC is much smaller than its length or width, one
can assume that D and E are restricted to the thickness
direction (x-direction) only. The PDE for charge density can
be derived [10]:

∂ρ
∂ t

−d
∂ 2ρ
∂x2 +

F2dC−

κeRT

(
1−C−∆V

)
ρ = 0 , (3)

where d is the ionic diffusivity, R is the gas constant,
T is the absolute temperature, and ∆V is the volumetric
change. Nemat-Nasser [7] assumed that the induced stress
is proportional to the charge density:

σ = α0ρ , (4)

where α0 is the coupling constant.

Farinholt [8] investigated the current response of a can-
tilevered IPMC beam when the base is subject to step and
harmonic actuation voltages. A key assumption is that the
ion flux at any point on the IPMC electrodes is zero. This
assumption, which serves as a boundary condition for (3),
leads to

(
∂ 3φ
∂x3 − F2C−

κeRT
∂φ
∂x

)|x=±h = 0 , (5)

where ±h represents the beam surfaces.

III. MODEL OF IMPEDANCE RESPONSE

The objective of this paper is to derive an actuation model
for IPMC actuators. From (4), one can derive the actuation
model based on the charge density distribution. So as the
first step, an impedance model relating the charge density
distribution to the voltage input is desirable.

Consider Fig. 2, where the beam is clamped at one end
(z = 0), and is subject to an actuation voltage producing the
tip displacement w(t) at the other end (z = L) . The neutral
axis of the beam is denoted by x = 0.
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Fig. 2. Geometric definitions of an IPMC beam in the cantilevered
configuration (side view).

To ease the presentation, define the aggregated constant

K
�
=

F2dC−

κeRT

(
1−C−∆V

)
.

Performing Laplace transform for the time variable of
ρ(x,z,t), (noting the independence of ρ in y-coordinate),
one converts (3) into the Laplace domain:

sρ (x,z,s)−d
∂ 2ρ (x,z,s)

∂x2 +Kρ (x,z,s) = 0 , (6)

where s is the Laplace variable. Define β (s) such that
β 2(s) = s+K

d . With an assumption of symmetric charge
distribution about x = 0, the generic solutions can be obtained
as

ρ(x,z,s) = 2c2(z,s)sinh(β (s)x) , (7)

E(x,z,s) = 2c2(z,s)
cosh(β (s)x)

κeβ (s)
+a1(z,s) , (8)

φ(x,z,s) = −2c2(z,s)
sinh (β (s)x)
κeβ 2(s)

−a1(z,s)x+a2(z,s) ,

(9)

where c2(z,s), a1(z,s) and a2(z,s) depend on the boundary
condition of the PDE, which will be discussed shortly.

The effect of distributed surface resistance is incorporated
into the model, as illustrated in Fig. 3. Let the electrode
resistance per unit length be r1 in z direction and r2 in
x direction. Rp denotes the through-polymer resistance per



unit length. In Fig. 3, i p(z,s) is the distributed current
going through the polymer due to the ion movement, i k(z,s)
represents the leaking current of the polymer, and i s(z,s) is
the surface current on the electrodes. Note that r1, r2 and
Rp can be further expressed in terms of dimensions and
fundamental properties of the IPMC.
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Fig. 3. Illustration of the distributed surface resistance for the IPMC
impedance model.

The following equations capture the relationships between
is(z,s), ip(z,s), ik(z,s), φ+(z,s) and φ−(z,s):

∂φ±(z,s)
∂ z

= ∓ r1is(z,s) , (10)

−∂ is(z,s)
∂ z

= ip(z,s)+ ik(z,s) . (11)

From the potential condition at z = 0, i.e., φ+(0,s) = V(s)
2 and

φ−(0,s) = −V(s)
2 , the boundary conditions for the potential

φ(x,z,s) are derived as:

φ (±h,z,s) = ±V (s)
2

∓
∫ z

0
r1is (τ ,s)dτ∓ ip (z,s)r2 . (12)

With (5) and (12) , one can solve for the functions a 1(z,s)
and a2(z,s) c2(z,s) in the generic expressions for φ(x,z,s),
E(x,z,s).

Denote γ(s) = β (s)h. The transfer function of the
impedance can be finally derived (through yet another
Laplace transform on the z-variable):

Z1 (s) =
V (s)
I (s)

=
2
√

B(s)

A(s) tanh
(√

B(s)L
) , (13)

where

θ (s) =
Wkeγ (s) (s+K)

h(sγ (s)+K tanh(γ (s)))
, (14)

A(s) =
θ (s)

(1+ r2θ (s))
+

2
Rp

, (15)

B(s) = r1A(s) . (16)

Detailed derivation is omitted due to the space limitation.
The impedance model Z2(s) ignoring surface resistance can
be obtained from Z1(s) by taking r1 → 0, r2 → 0 and Rp →∞:

Z2 (s) =
s+K tanh(γ(s))

γ(s)

Cs(s+K)
. (17)

IV. MODEL OF ACTUATION RESPONSE

Based on the impedance model, one can derive the actua-
tion model by assuming the coupling between the charge
density and the induced stress as in (4). However, the
dynamics of cantilevered beam will also affect the actuation
behavior when the excitation frequency is close to the natural
frequency of the beam. The actuation model is thus a cascade
of two modules, the electrodynamic H(s) and the viscoelastic
beam dynamics G(s), as shown in Fig 4.

Voltage
Bending
displacement

sGsH

Fig. 4. Actuation model structure.

We define the moment profile in z direction as

M (z,s) =
h∫

−h

xσ (x,z,s)Wdx =
h∫

−h

xα0ρ (x,z,s)Wdx . (18)

Following the static cantilevered beam theory [11], with
M(z,s), one can develop the transfer function relating the
bending displacement to the actuation voltage:

H (s) =
α0W
YI

Kke (γ (s)− tanh(γ (s)))
(γ (s) s+K tanh(γ (s)))

(
X (s)

1+ r2θ (s)

)
,

(19)
where

X (s) =
1− sech

(√
B(s)L

)
− tanh

(√
B(s)L

)√
B(s)L

B(s)
,

(20)
Y is the static Young’s modulus of the IPMC, and I = 2

3Wh3

is the moment of inertia of the IPMC.
The dynamics of the viscoelastic beam G(s) with small

deflection can be described by a second-order system:

G(s) =
ω2

n

s2 +2ξωn +ω2
n

, (21)

where ωn is the natural frequency of the IPMC cantilever
beam, ξ is the damping ratio. The natural frequency ω n can
be further expressed in terms of the beam dimensions and
mechanical properties [12].

V. MODEL REDUCTION

An important motivation for deriving a transfer function-
type actuation model is its potential use for real-time feed-
back control. For practical implementation of feedback con-
trol design, the model needs to be finite-dimensional, i.e.,
being a finite-order, rational function of s.

For ease of presentation, decompose H(s) as

H(s) = f (s) ·g(s) ·X(s) , where

f (s) =
L2α0W

2YI
Kκe (γ (s)− tanh(γ (s)))
(γ (s) s+K tanh(γ (s)))

, (22)

g(s) =
2

1+ r2θ (s)/W
. (23)



Based on the physical parameters (see Table I in Section VI),
for operating frequencies within typical IPMC actuation
bandwidth (< 100Hz),

tanh(γ(s)) ≈ 1 , (24)

γ(s) ≈ h

√
K
d

=: γ . (25)

Then one can simplify f (s) and g(s) as

f (s) ≈ −L2α0W
2YI

Kκe (γ−1))
(γs+K)

. (26)

θ (s) ≈ sWκeγ (s+K)
h(γs+K)

, (27)

g(s) ≈ 2h(γs+K)
r2γκes(s+K)+h(γs+K)

. (28)

Through Taylor series expansions of sinh(a) and cosh(a),
one can approximate X(s) by:

X (s) ≈
1+

m

∑
n=0

(
a2n+2

(2n+1)!
− a2n

(2n)!

)

m

∑
n=0

a2n+2

(2n)!

, (29)

where a =
√

B(s)L, for some finite integer m. Combining
(26), (28), and the approximation to X(s), one gets a rational
approximation to H(s).

VI. EXPERIMENTAL VERIFICATION

A. Experimental setup

Fig. 5 shows the experimental setup. The IPMC materials
used in this work were obtained from Environmental Robots
Inc. An IPMC sample is dipped in water and clamped at
one end. The IPMC is subject to voltage excitation generated
from the computer (through dSPACE DS1104 and ControlD-
esk). A laser displacement sensor is used to measure the
bending displacement w(t). A current-amplifier circuit is
used to measure the IPMC actuation current.

Laser
sensor

IPMC Computer & 
dSPACE

Current
measurement

Contact
electrodes & 
clamp

water Tank

Fig. 5. Experimental setup.

B. Parameter Identification

In the dynamic impedance models Z1(s) and Z2(s), some
parameters are physical constants (gas constant R and Fara-
day’s constant F), some can be measured directly (absolute
temperature T , static Young’s modulus Y , actuator dimen-
sions, surface resistance r1 in z direction and resistance of

the polymer Rp), and the others need to be identified through
curve-fitting. Table I lists all the constants and identified
parameters. Since |C−∆V | � 1 [7], we take 1−C−∆V = 1.

TABLE I

PARAMETERS IN THE MODEL.

F R T Rp
96487 C/mol 8.3143 J/mol · K 300 K 67Ω·m
Y [4] h r1 r2

5.71×108 Pa 180 (µm) 4363Ω/m 8.2−3 Ω· m
d C− κe α0

3.39×10−7 m2/s 1091 mol/m3 1.48×10−6 F/m 0.1 J/C
r2 ωn ξ
8.2−3 Ω· m 33.6 rad/sec 0.125

C. Impedance Model Verification

Impedance model verification will be conducted on two
aspects. First, it will be shown that the model considering the
surface resistance is more accurate than the model ignoring
the resistance, by comparing them with the measured fre-
quency response of an IPMC actuator. Second, the geometric
scalability of the proposed model will be confirmed by
the agreement between model predictions and experimental
results for IPMC actuators with different dimensions.

1) Effect of surface resistance.: In order to examine the
difference between the impedance models Z1(s) and Z2(s),
their model parameters were identified separately through
the nonlinear fitting process. The experimental data were
obtained for an IPMC actuator with dimensions 37× 5.5×
0.36 mm. Fig. 6 compares the predicted frequency response
(both magnitude and phase) by each model with the mea-
sured frequency response, and it is clear that the model
incorporating surface resistance is much more accurate.
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Fig. 6. Performance of the impedance models with and without consider-
ation of surface resistance.

2) Geometric scalability of the dynamic model.: Three
samples with different dimensions (see Table II) were cut
from one IPMC sheet, and were labeled as Big, Slim, and
Short for ease of referencing. Fig. 7 and Fig. 8 show the Bode
plots of the impedance responses for different samples. It can
be seen that for all samples, good agreement between the
model prediction and the experimental data is achieved. The
figures also indicate that the model is geometrically scalable.



TABLE II

DIMENSIONS OF THREE IPMC SAMPLES USED FOR VERIFICATION OF

MODEL SCALABILITY.

IPMC beam length (mm) width (mm) thickness (µm)
Big 39 11 360
Slim 37 5.5 360
Short 27 5.5 360
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Fig. 7. Impedance of the IPMC for the Big and Slim samples.
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Fig. 8. Impedance of the IPMC for the Slim and Short Samples.

D. Verification of actuation model

The whole actuation model is verified in the experiment
by applying sinusoid voltage signal V (t) with amplitude
0.2 V and frequency from 0.02 Hz to 20 Hz. Note that
since nonlinearities in IPMC actuation are not considered
here, only small actuation voltages are applied to the IPMC
in order to verify the proposed linear model. From Fig. 9,
the simulation data based on the actuation model G(s) ·H(s)
match the experimental data well.

Model reduction was then carried out for H(s) using the
techniques discussed in Section V, where m = 2 was used.
It leads to a fourth-order model for the overall actuation
response for the Big sample:

P(s) = Ĥ (s) ·G(s) =
0.0046s+0.038
s2 +73.2s+186

· 835
s2 +5.2s+835

.

(30)
From Fig. 9, the reduced model also matches closely the
empirical response. It will be used for model-based controller
design in the next section.
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Fig. 9. Bode plot of the actuation model for Big sample.

VII. CONTROLLER-DESIGN EXAMPLE:
MODEL-BASED H∞ CONTROL

In this section we provide an example to illustrate the
use of the proposed model in model-based controller design.
While other control design methodologies can be adopted,
H∞ control has been chosen to accommodate multiple consid-
erations, including attenuation of the effect of sensing noise,
and minimization of control effort.

Consider Fig. 10, where the IPMC is represented by a
nominal model P(s) (30) with an additive uncertainty ∆ a. The
signals d1 and d2 denote the actuation noise and the sensing
noise, respectively. We(s) and Wu(s) are the performance
weight and control weight, respectively. Standard H∞ control
techniques [13] are used in the controller design.

z1

d1

+
+

- u
y+ + z2sP sWe

sWu

r + sK
+

a

+

d2

IPMC actuator

Fig. 10. Schematic of the closed-loop control system for an IPMC actuator.

The laser sensor for measuring the tip displacement has
a noise level of ±0.02 mm. For comparison purposes, a
PI controller was also implemented together with a low-
pass filter for the output measurement. Fig. 11 and Fig. 12
show the IPMC tracking performance under model-based
H∞ control and PI control, respectively. It can be seen that
the tracking error under H∞ control is almost at the level
of sensing noise, while the error under PI control is about
twice as large. Fig. 13 further compares the controller output
under H∞ control and PI control, which shows that the H∞
control requires lower control effort. Therefore, controller
design based on the reduced model is effective.

VIII. CONCLUSIONS AND FUTURE WORK

In this paper a dynamic model for IPMC actuators was
developed by solving the physics-governing PDE analytically
in the Laplace domain. It is distinguished from existing mod-
eling work of IPMC actuators in that it is amenable to model
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Fig. 11. Experimental results on tracking of IPMC actuator under H∞
control.
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Fig. 12. Experimental results on tracking of IPMC actuator under PI
control.
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Fig. 13. Comparison of controller outputs under H∞ control and PI control.

reduction and control design while capturing fundamental
physics. The model also incorporates the effect of surface
electrode resistance in an integrative manner. The compact,
explicit, transfer-function representation of the physics-based
model can be reduced to low-order models for real-time
feedback control purposes. A number of experimental results
were presented to demonstrate the geometric scalability of
the model. An H∞ controller based on the reduced low-
order model has been designed and implemented in real-time

tracking experiments. Experimental results have proven that
the proposed model is faithful and suitable for control design.

Future work will be focused on two aspects. First, the
proposed actuation model will be extended to incorporate
material nonlinearities which become pronounced at large
actuation levels. The nonlinearities include nonlinear elastic-
ity, hysteresis [14], asymmetric charge distribution [10] and
the dependence of parameters (such as surface resistance) on
the curvature output [15].

The second direction of future work is the application of
the proposed modeling approach to control of micromanipu-
lation [4] and biomimetic robots [3]. There the model has to
be extended to account for force interactions with external
objects.
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