Propagators for the Time Dependent Kohn-Sham
Equations

Alfredo A. Correa®™
André Schleife®  Erik Draeger®  Yosuke Kanai®

E Lawrence Livermore National Laboratory
@ University of North Carolina at Chapel Hill

Trieste, November/2010

This work performed under the auspices of the U.S. Department of Energy by Lawrence Livermore National Laboratory under

Contract DE-AC52-07NA27344. LLNL-PRES-516151

Alfredo Correa (correaa@llnl.gov) TDKS propagators Trieste 2011 1/13


mailto:correaa@llnl.gov

Theoretical Framework

@ Kohn-Sham Equations
eildi) = Hilei)
n(r) = 32,41 (r)i(r)

@ Time-dependent Kohn-Sham Equations

L d P
1ha|¢,’> = H(t)n(e)]91)

d _ ) F \ sexternal HXC
o) = { T+ V=) + s | o)

T

VeXt( ) — ion potential + E(t) - r (for example)
Hxc Ik n(r, t)dr + VXC[n(t)](r) (Adiabatic LDA)
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Similar Problems

Time Dependent Kohn-Sham equations (TDKS)

o d P
ih10i) = H(t)n(ey|97)
Time Dependent Schrédinger Equation (TDSE)
ih= 1) = F()lo)
e’ ’

Non-linear Schrodinger Equation (NLSE)

0 = 080 + sl
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Numerical Integration

Concerns

@ Accuracy,
e.g. method is order O(At)*

o Stability,
e.g. numerical error increases as exp(y(At)T)

@ "Physical’ properties,
e.g. method conserves energy or norm exactly
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Euler Method

A First Method

@ Derivation d
Lo = Alo,
i dt\¢> |pi)

plei(e + A0) — loi(2)
At

01t + A1) = [61(8)) = 3 AHIGH(0)) + O (A

+0(at)? = Hlei(t)

@ Integration Error (order)

— |¢I(t)> + Ointegration(At)

@ Not Stable!
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Second Order Differences (SOD), Part |

Second order in time

|9i(t + At)) = |¢(t — At)) — 2iAtA[n(t)]|¢i(t)
@ Integration Error (order)
— |¢I(t)> + Ointegration(At)z

e Conditionally Stable of TDSE
@ Unconditionally Unstable for TDKS
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Von Neumann Stability Analysis

Criterion of Stability from Local Analysis

ou_ P
ar  “ox2

o Discretization (finite differences) in time and space
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Von Neumann Stability Analysis

Criterion of Stability from Local Analysis

ou_ P
ar  “ox2

o Discretization (finite differences) in time and space

1 n n n

orj =

At Ax?
@ Eigenmode analysis ujf’ N g(k)neiijx
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Von Neumann Stability Analysis

Criterion of Stability from Local Analysis

ou_ P
ar  “ox2

o Discretization (finite differences) in time and space

Frcs UJ(1+1 — an B (UJUJrl — 2UJ'.7 + uJ5771>
At Ax2
@ Eigenmode analysis ujf’ — g(k)neiijx
At
§(k)=1- a2 sin®(kAx/2)

Ax2
@ Stability Criterion [£] <1
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Von Neumann Stability Analysis

Criterion of Stability from Local Analysis

ou_ P
ar  “ox2

o Discretization (finite differences) in time and space

1 n __ o,n n

FICS. J J _

At Ax?

@ Eigenmode analysis ujf’ N g(k)neiijx
la| At

sin’(kAx/2
Ax2
X

fk)y=1—4

@ Stability Criterion [£] <1

2|alAt At x EPW .
A <P S

TDKS propagators
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Second Order Differences (SOD) for TDSE, Part Il

2
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Analysis valid only for TDSE |
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Stabilizing SOD

The effect of the self consistent potential

00 i vantiyir ALY ARARARAMBAALY A
— Ar=0.104 as ]
-620.1 Ar=0.138 as E
L ]
—~  -020.2F .
2 i ]
= -620.3F " sc100-SOD]
Luz Lo bbb by b bw by by g by g 13
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Updating the Hamiltonian once every several steps help stabilize the
integration
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Runge-Kutta 4th Order

A conditionally stable, accurate method

k) = =i At Alngo)] [6(t)) ,

= —i At Alng(eys0.5.44]16(t) + 0.5 k),
ks) = —i At H[ng(eyr0.5.,]6(t) + 0.5 ko),
|ka) = —1 At H["q>(r)+k3]|¢(f) + k3>

9t + A1) = |8 + ¢ k) + 3 ko) + 3Iks) + ¢ k)

7 3.0F " ponann [ Rnanann
2ost i P
Ta0f t 1y ;
15E S e, T
OB A, T -
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Parallel Scalability

(=}
— —
T

I
=} ¢
=

T T

Time steps per second (s'l)

1 10 100 1000
Number of cores

No orthogonalization bottleneck !

BO vs. TDKS+Ehrenfest, relative cost 500 — 50 —

AEOHTD #SD Walltime®>P

At TDKS ~ 500, #MD Sy Walltime ' PKS =
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Cayley’s Method (Crank Nicholson)

An Implicit Method

~

{i + %il:l[n(t + At)]At} i(t + At)) = {i - ;iH[n(t)]At} |4i(t))
(1)

Future step is an implicit function of the previous step (need a non linear
solution).
An approximation (use past density)

fi Jbvonad e+ a0) = {1 Jam@ad e, @

Still not very suitable for PW expansion.
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Conclusions

e TDKS Propagators are subject to stability issues (like any PDE)
@ Methods that work for TDSE may not work at all for TDKS

@ RK4 presents good accuracy and stabiliry (at least for T = 100fs)
@ Plane-wave accuracy

o Parallel efficiecy up to 1500 cores for 450 electrons

References: Schleife et al., " Explicit integrators for the time-dependent
Kohn-Sham equations within the plane-wave pseudopotential formalism”,
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