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Complex Variables and Fluid Flows in D=2.

1. Complex Variables. For F(z) = u(z,y) + iv(z,y)
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Then using F(z) = u + iv
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the Cauchy-Riemann conditions. These conditions are obeyed by any analytic function of

z = x +4y. Thus for any analytic function
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and VZv = 0.

2. Fluid Flow. For an ideal fluid in two dimensions the the velocity field v(z,y) =
(u(z,y),v(x,y),0) must obey the eqautions

Vxv =0, (8)
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pointwise throughout the fluid and satisfy the BC n-v = 0 on all interfaces.



1. If v is found from a velocity potential
v = Vo, (10)
then v automatically satisfies Eq. (7) and Eq. (8) implies VZ¢ = 0.

2. If v is found from the stream function according to
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then v automatically satisfies Eq. (8) and Eq. (7) implies V¢ = 0.

3. So ¢ and 1 satisfy the same set of equations as the two components of an analytic
function. So associate ¢ and v with u and v. Thus any analytic function of z is in

principle a possible two dimensional fluid flow.

4. Be aware that you have to be slightly careful if you are dealing with a multiply con-

nected space. See Land L page 16 at the bottom.

3. Generalization. Complex variable methods are used extensively in solving D=2 E&M
problems. But not Jackson. See page 79 of the 2" edition of Jackson for reference to
complex variables and conformal mapping, i.e., the end of the second chapter. Mapping
of a complicate space into a simple space is an important feature of D=2 complex variable
methods. The Schwarz-Christoffel transformation arises in this context. MATLAB has a
Schwarz-Christoffel Toolbox.



